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gdJ  TSZTWiGgY[DGJ]JSRJS.VGJIiGhIid{.VGJIVGJKR[¹UJq~¸¨JK{qªnJ~R^fHKJDGJIVd][R[Y[h<][V  JSR±®^f]v^fcdY[H<T  uzT  TWiGhIid{G
a^fiGhSJI][idid{Y[DGJ]JSRJS.VGJIiGhIid{³gdJ  TUZn,Y[DGJ]JSR[V  YRrTW]JgdJI][ªnJSg @]^fH /LUw,3 CEDGJhUTfRJSR/Y[DzTWYTW]J
iG^fYvhS^«ªnJI]JSgi¯Y[DdRv]J­@JI]JIiGhSJ¤TW]Jcd]^UªnJSgi >JShIY[^fi7oB)9G^f]±Y[DGJ]JSRJS.VGJIiGhIid{.VGJIVGJKR[¹UJq»iGJ 
TW][{qVdHKJIiYR¶DzTUªnJvY^ueJ±gdJI][ªnJSg°CEDGJIZ¦TW]Jv{qªnJIi¦i >JShIY[^fi 8¤TWiGgY[DGJIi©gdJIªnJ  ^fceJSgri >JShIY[^fiGR*l
TWiGg 1B9	izT  ZnGhS^fiGh  VGgBid{~]JIH<TW][R¶TW]J±gBRhIVGRRJSg/i >JShIY[^fi¯m
 . %$  %	0 . !0
a^fiGR[gdJI]~Y[DGJrR[Y[VzTWY[^figdJSRhI][ueJSgiY[DGJiY[]^gBVGhIY[^fi  Y[DY  ^  idR¤TWiGg  Y[DhI]^qRR<Y[]T4D<hq
  VGR[Y[]TWYJSgi09	{qVd]J±pB  RTWiVGRJI]^WY[DGJ*iGJIY  ^f][e  JvTW]J*iYJI]JSR[YJSgruZ¤Y[DGJ!gdJ  TSZBR^W^fVd]^  i














n + 4n + 5
9	{qVd]JvpK?CEDGJ±hUTfRJ!^WY  ^  idBRU
Y[DzTWY*Y[DGJ¡RJI][ª.hSJY[HKJSR!^W(czTfhnJIYR±^W(Y[DGJYTW{q{nJSg 6z^  TW]JiGJI{  {qu  JhS^fHczTW]JSgY^~Y[DGJ¡.VGJIVGJIid{
gdJ  TSZBRU©¸¨J¤RJSJ¤Y[DzTWYY[DGJ¤Y[HKJ/R[ceJIiYiT¦RJI][ªnJI]¡RH<TWi  Z gBVGJ~Y^Y[DGJ~hI]^qRRY[]T4D<hqCEDVGR¡i
^f]gdJI]¶Y^~TWizT  Z¹UJvY[DGJgdJ  TSZ¦^WY[DGJYTW{q{nJSg¦czTfhnJIYRU  JgdJ­´GiGJY[DGJ±ª][Y[VzT  RJI][ª.hSJvY[HKJSR®^f]NJUTfhD
Ê»Ê ãQzÑ:ÛCRCS
1   & @ 
YTW{q{nJSgczTfhnJIY,Y^ueJ*Y[DGJvTWHK^fVdiY¶^W4hI]^qRRY[]T4D<hvTW][][ªnJSg¦uJIY  JSJIi¦Y  ^~R[VGhShSJSRR[ªnJvTW][][ªqT  R^WY[DGJ







   ueJ*TfRR[VdHKJSg¤Y^¡uJ*R[Y^hDzTfR[Y[hUT  Z¤iGgdJIceJIiGgdJIiYNTWiGg/Y^DzTSªnJ*DGJUTUª.Z.¼YTW  JSgrgBR[Y[][udVdY[^fiGR«4CEDGJ
]JSR[V  Y[id{©VGJIVGJIid{©R[ZBR[YJIH§  Y[D³R[VGhD ª.][Y[VzT  RJI][ªhSJKY[HKJSR:¬!RT¦R[id{  J<h  TfRR*9 M9 .VGJIVGJIid{
iGJIY  ^f][
9d]^fHiG^  ^fi°czTfhnJIYR    hS^f][]JSRc^fiGg©Y^¤Y[DGJ¡ª][Y[VzT  RJI][ª.hSJY[HKJSR<§ ¼ JqvY[DGJI]J¡R¶^fi  Z^fiGJ
czTfhnJIY±@^f]!JUTfhDYTW{q{nJSg©czTfhnJIY:¬­¡¸¨JKTfRR[VdHKJY[DzTWY!Y[DGJIZ¯TW]J¡^f]gdJI]JSg  DGJIi¯Y[DGJIZ©TW][][ªnJ¡i¯iG^gdJ
Lq ¢i¦^fVd]NJ­XGTWHc  Jq  J  TWiY¶Y^KHK^gdJ  T<R[Y[VzTWY[^fi  DGJI]JTczTfhnJIYNY[DzTWY  JUTSªnJSRNY[DGJ!´G]R[YNiG^.gdJvR
]TWiGgd^fH  Z]^fVdYJSg©Vdc§ Y^/iG^gdJ
2











w  DGJIirY[DGJIZ  J­ Y,iG^.gdJLq ¢iGgdJSJSgY[DGJ*®^  ^  id{K]JIH<TW][    ueJ!^WHce^f][YTWiGhSJ±i  DzTWY@^  ^  R"?




  	  P K 	  O	K @	K5 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¸ DGJIi  J    hS^fiGR[gdJI]*Y[DGJ]JSRJS.VGJIiGhIid{/.VGJIVGJ¡R[¹UJq  JTW]JhS^fVdiY[id{Y[DGJiVdHuJI]!^W¶§ ª][Y[VzT  ¬
czTfhnJIYR«K i¨^f]gdJI]vY^{n^/uzTfh©Y^Y[DGJ¡]JUT  i.VdHvueJI]^WEczTfhnJIYRU  JKDzTSªnJY^YTWnJKiY^¦TfhShS^fVdi.YT
HvV  Y[c  hUTWY[ªnJv¼TfhIY^f]Y[DzTWY,gdJIceJIiGgdR^firY[DGJ!R[YTWY[R[Y[hv^W	Y[DGJ±hI]^qRRY[]T4D<hq
¸¨J!iG^  ud][J6GZ/{qªnJvT*6%TSªn^f]¶^W^fVd]]JSRV  YRiY[DGJ±hUTfRJ!gdJIcdhIYJSg^fi09	{qVd]JvpK?
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αi > 1  `i ≥ 0 : + +
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(1 − p)
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 K 	K2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CQ(p)








TWiGg  J    RJSJigdJIYTW  R~Y[DGJHc  hUTWY[^fiGR/gBVGJrY^¨Y[DGJ¼TfhIY
Y[DzTWY
CR(p) 6= CQ(p)
 CEDdR<^fcdY[H¹«TWY[^fi RKHce^f][YTWiY¤ueJShUTWVGRJYKR  J  iG^  iY[DzTWY~C,a\
ceJI]#@^f][HKR*ce^.^f]  Z¦VdiGgdJI]±R[{qid£´zhUTWiY!czTfhnJIY±]JS^f]gdJI][id{Y[DzTWY!R¶iG^fY!iGJShSJSRRTW][  ZhUTWVGRJSgu.Z¦czTfhnJIY
 ^qRRJSR /áo,3 NVd]~]JSR[V  YR<hUTWiJ­XBc  TWiY[DGJrc^  JI]  T  R~^fuGRJI][ªnJSgJIHcd][hUT  ZuZ65%DG^fV TWiGg ;(TWi
¥JI{qDGJIH·i /ápqx,3	@^f]¶Y[DGJ]JSRJS.VGJIiGhIid{/^W  s*\ czTfhnJIYRU*¸¨J¡R[DG^fV  gR[Y[]JSRR¶Y[DzTWY*]JS^f]gdJI][id{hUTWi
ueJShS^fHKJ,T!R[{qid£´zhUTWi.Y4¼TfhIY^f]4iY[DGJE@VdY[Vd]J i.YJI][iGJIYTfR]JSRV  Y(^WiGhI]JUTfRJSgczTW]T  J  R[Hr(NVd]4HK^gdJ 
R±TfhShIVd]TWYJ®^f]*Y[DGJKR[Y[VGgBZ^WE^fY[DGJI]!iGJIY  ^f][BR  Y[D¯]TfgBhUT  Z¯gB£°JI]JIiYvhDzTW]TfhIYJI][R[Y[hSRvY^^d¡CEDdR









9	{qVd]JH8 ?ONJSRJSVGJIiGhIid{<cd]^fu  JIHr
]^fVdY[id{rcd]^fY^hS^  R!iGJSJSg©Y^/]JShS^fHcdVdYJK]^fVdYJSRv^W YJIi  DdhD¨H<TSZ  JUTfg¯Y^/czTfhnJIYv]JS^f]gdJI][id{ §@gBVGJ
Y^¡Y[DGJ!HV  Y[c  J±czTWY[DGRNTfRir^fVd],J­XdTWHc  J«¬­
 ¢iY[DGJ~RJSVGJ    J~R[DzT  Y[DVGR¡hS^fiGR[gdJI]Y[DGJKHK^gdJ  gdJSRhI][ueJSg i 9	{qVd]J8Gr¸¨J~TfRR[VdHKJ<Y[DzTWY
czTfhnJIYR/TW][][ªnJriY[DGJ/´G]R[Y<.VGJIVGJ¦TfhShS^f]gBid{7Y^T©]JIiGJ  T  cd]^.hSJSRR {Tn}




R[ZBR[YJIH £¶T  czTfhnJIYR
j  Y[D j < k DzTUªnJrT  ]JUTfgBZ  J­@YY[DGJ/R[ZBR[YJIHr¨NY[DGJI]  RJ¤YR[YTSZBRi Y[DGJ]JSRJS.VGJIiGhIid{KudVB°JI]U  DGJI]J!Y  TWYR®^f]Y[DGJ!czTfhnJIYR  Y[DriVdHuJI]  JSRRY[DzTWi k NiGJ^Wv^fVd]<H<TWiY^^  i ^fVd]¤TWizT  ZBR[R    uJ¦Y[DGJ  ^f][^W TfhShSJ  !TWiGg 9G^qRR<i /áp3¶TWiGg
Y[DGJ±R[VduGRJSVGJIi.Y  ^f][BR,gd^fiGJvi / 8@3TWiGg /LUw,3¸¨J±ud][J6GZ/gdJSRhI][uJ!DG^   J±hUTWirHK^gdJ  Y[DGJ±R[ZBR[YJIH
gdJSRhI][ueJSgTWue^UªnJ(Y[DzTWidRY^Y[DGJ,§ H<T?X° c  VGR:¬T  {nJIud]Tv§@^f]	\JIY[][iGJIY:¬­CEDdR»®^f][H<T  R[H R»iG^fYJSRRJIi.Y[ºT 
i^fVd]~czTWcJI]/TWiGg  J¦]J­®JI]<Y^7/áw43,®^f]KHK^f]J¦]J­®JI]JIiGhSJSRUµ¶^  JIªnJI]U  JR[Y[]JSRR<Y[DzTWY§ H<T?X° c  VGR:¬
®^f][H<T  R[H R,hI][VGhIºT  @^f],Y[DGJ!cd]^.^W4^WCEDGJS^f]JIH L±uJ  ^  § Y[DzTWYNhUTWirueJ*®^fVdiGgiF/LUw,3 ¬­b i¦ª.J  ^W
Y[DGJnJIZ©]^  J<^WEY[DdR±Y[DGJS^f]JIH @^f]^fVd]TWizT  ZRRU  JKhDG^qRJKY^rR[DG^  Y[DGJKhS^fidiGJShIY[^fi7ueJIY  JSJIi7^fVd]
HK^gdJ  TWiGg¨§ H<T?Xe c  VGR­¬T  {nJIud]TB(¥^f]JS^UªnJI]UzY,T  ^  R®^f]NT][{n^f]^fVGR,cd]JSRJIiYTWY[^fi^W^fVd]HK^gdJ  
a^fiGR[gdJI]/Y[DGJR[YTWiGgGTW]g@^f][TWiGg_#^fi R[ZBR[YJIH TfR¤gdJIcdhIYJSg §  Y[D \	JIY[][*iGJIY<®^f][H<T  R[H~¬<i










R[HV  YTWiGJS^fVGR  ZnCEDGJ Vdc" ¼czTfhnJIY~§ágd^  i" ¼czTfhnJIY:¬*R*Y[DGJIi¨T  R^¤Y[DGJ k ¼Y[D©czTfhnJIY!@^f]¶iG^gdJ¡w©§É®^f]iG^gdJp~]JSR[ceJShIY[ªnJ  Zd¬­*CEDGJ
k












fJSVdcdceJSg  Y[D max   ][Y[YJIi¡TfgdgBY[ªnJ  Z§ ¼ Jq
a⊕b = max(a, b)
¬TWiGgvY[DGJbVGR[VzT  RVdHr  ][Y[YJIiHvV  Y[c  hUTWY[ªnJ  Z§ ¼ Jq a⊗b = a+b ¬­ NJIY X (i)n
Ê»Ê ãQzÑ:ÛCRCS





¸¨J*DzTUªnJ±Y[DGJ¶®^  ^  id{~JS.VzTWY[^fiGR"?
X
(1)
n+1 = (Tn+1 ⊕ X
(1)





























n ) ⊗ ζ
(4)
n+1.
¶^fYJbY[DzTWY4^fVd]R[ZBR[YJIH R  iGJUTW]i¡Y[DGJ±§ H<T?Xefc  VGR:¬RJIH£¼][id{
Rmax
  DdhD<T  ^  RVGRY^¶VGRJ]JSR[V  YR
^W/LUw43
 ¢i^f]gdJI]	Y^¶HK^gdJ  Y[DGJEgdJSR[]JSg¡]^fVdY[id{!HKJShDzTWidR[H  J    VGRJY[DGJbgdJUT*^Wh  ^fiGJSRUq¼ JqqczTfhnJIYR
Y[DzTWYuJIDzTUªnJ  nJ<]JUT  czTfhnJIYRJ­XdhSJIcdYY[DzTWYY[DGJIZ¯iGJIªnJI]]JSVd]J/TWiZ¨RJI][ª.hSJ<Y[HKJ@?¡Y[DGJI]RJI][ªhSJ
Y[HKJR,i.V  <>.Vdcdce^qRJY[DzTWYNY[DGJ]JUT  ]^fVdYJ¡^W4czTfhnJIY
k
RNVdc,CEDGJIi¨TWYNY[DGJJIiGg^W4YRNRJI][ª.hSJi















 >.H  TW]  Zn£Y[DGJK]JUT  ]^fVdYJ<^WczTfhnJIY
k
Rgd^  iY[DGJIiT
h  ^fiGJNRRJIiYVdc i¤u^fY[D¤hUTfRJSRY[DGJ ½ ]JUT  ¾NczTfhnJIY
k
_[^fiGRY[DGJN.VGJIVGJN^WiG^gdJ 8^fiGhSJ ½ ]JUT  ¾,czTfhnJIY
k − 1
DzTfR4_[^fiGJSgrY¡§®TWiGgriG^fY¶uJ­®^f]J«¬­ i¦czTW][Y[hIV  TW]NczTfhnJIYR*TW]J^f]gdJI]JSg  DGJIiY[DGJIZ  JUTSªnJiG^gdJ













 ¢Y,hS^f][]JSR[ce^fiGgdR,Y^<Y[DGJ±Y[HKJvRcJIi.Y,uZ ½ ]JUT  ¾±czTfhnJIYNi¦Y[DGJ±]JSRJS.VGJIiGhIid{~udVB°JI]UE iczTW][Y[hIV  TW]Uz£
 J±YTWnJ ζ(4)k = 0
®^f],T 
k











  ZhS^fi.ªnJIiY[^fiY[DGJJSVdªqT  JIiGhSJ








RhUT  JSg7R[VdueJ­Xce^fiGJIiY[ºT  £
G∗2(x) ∼ 2G(x)
  DGJI]J G∗2 RvY[DGJ<YTW  ^WY[DGJY  ^W@^  ghS^fiªn^  VdY[^fi³^W G  ¶^fYJ¡Y[DzTWYvT/R[VduJ­XBce^fiGJIiY[ºT  gBR[Y[][udVdY[^fi G R  ^fid{f¼YTW  JSg ?!®^f]±TWiZ
y > 0
  J!DzTUªnJ
G(x + y) ∼ G(x).
§®wn¬
 YTW  gBR[Y[][udVdY[^fi
G





= t−α, ∀t > 0.
>.VGhDrgBRY[][udVdY[^fiGR  Y[D α > 0 TW]J!TWVdY^fH<TWY[hUT  ZR[VdueJ­Xce^fiGJIiY[ºT  ¸¨JIudV  ^f]  ^f{qiG^f][H<T  gBR[Y[][£udVdY[^fiGRvTW]J^fY[DGJI]vJ­XGTWHc  JSR±^WR[VdueJ­Xce^fiGJIiY[ºT  gBR[Y[][udVdY[^fiGR¤§ Y[DzTWYTW]J¡iG^fY!]JI{qV  TW]  ZªfTW][Zid{.¬­
RJSJ /LUp,3°®^f]HK^f]J±gdJIYTW  RN^firR[VduJ­XBce^fiGJIiY[ºT  gBRY[][udVdY[^fiGRU
CEDd]^fVd{qDG^fVdYU  J  JIY F ueJ±TgBR[Y[][udVdY[^fir VdiGhIY[^fi^fi R+
R[VGhD¦Y[DzTWY"?
 F





F  Y[DrY[DGJ±YTW 
F
s

















n , . . . σ
(4)
n )}n
ueJTWi¼ ¼ g°	RJS.VGJIiGhSJ^WzHvVdY[VzT  Z¡iGgdJIceJIiGgdJIiY]TWiGgd^fH ªqTW][ºTWu  JSR





1 > x) ∼ d
(j)F (x),
®^f]¶T 
j = 1, . . . , 4  Y[D ∑4j=1 d(j) > 0
¶ iczTW][Y[hIV  TW]±TWY  JUTfR[Y*^fiGJhS^fHce^fiGJIiY!^W
σn
R,DGJUTUª.Z.
YTW  JSg° ¶^fYJY[DzTWYR^fHKJhS^fHc^fiGJIi.YRTW]JKT  ^  JSg¨Y^¤ueJ  {qDY#¼YTW  JSgi  DdhDhUTfRJ  J¡YTWnJ¡Y[DGJ
hS^f][]JSR[ce^fiGgBid{
d(j) = 0
	¥^f]JS^UªnJI]£%Y  ^!hS^fHce^fiGJIiYR(^W σn
TW]JbDGJUTUª.Z.¼YTW  JSgY[DGJIi  JEYTWnJ(®^f] FY[DGJ ½ gd^fHizTWY[id{/^fiGJ­¾ 9G^f],J­XGTWHc  J±£
P(σ
(1)




0 > x) ∈ R(−α2)
 Y[D
1 < α1 < α2














P(rn = 2) = 1 − P(rn = 3) =: p
°TWiGg¨TfRR[VdHKJY[DzTWY
0 < p < 1
± ¢i


















γ := maxi=1,...,3 γi











γ4 < mini=1,...,3 γi

¸¨J    T   TSZBRNTfRR[VdHKJ*Y[DzTWY
γ < a := E[T1 − T0].
§®pn¬
¸¨J!iG^  Y[DzTWYVdiGgdJI]Y[DdR,hS^fiGgBY[^fi%Y[DGJ±R[ZBR[YJIH RRYTWu  JqzRJSJ /áw,3( irczTW][Y[hIV  TW]U  JhUTWi¦gdJ­´GiGJ
Y[DGJ±R[YTWY[^fizTW][Z/JIiGg¼Y^WJIiGg¦gdJ  TUZ¨§@^f],R^W_[^fVd][iY[HKJ!irY[DGJ  DG^  J!iGJIY  ^f][G¬ Z TWiGgY[DGJ!R[YTWY[^fizTW][Z]JSRJS.VGJIiGhIid{<gdJ  TSZ
R
§  DdhDRY[DGJ±R[YTWY[^fizTW][Z/ªnJI]R[^fir^W§#L«¬[¬­
  . , 
  0#% 
CEDGJ,@^  ^  id{cd]^fce^qR[Y[^fi~@^  ^  Rb@^f][HY[DGJ¶TWizT  ZBR[RbH<TfgdJ,i /LUw43§ Y[DGJ´G]R[YczTW][Y^WY[DGJNY[DGJS^f]JIH
{qªnJIiru.Z/JS.VzTWY[^fi §8.¬bR,TKR  {qDY,J­XBYJIiGR[^fi¦^W/ 83 ¬­
 ÀÄ  À   :5P *+
x → ∞ 





























LUx   & @ 
 HK ,
  H 
γ1 > max(γ2, γ3)  	K




γ3 > max(γ1, γ2) := γ1∨2  	K





















α > 0  	K
P(R > x) = G(x) + o(F
s
(x)).
¤À ¨d  @	 )	P@	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γ3 = γ2 ≥ γ1 ! +"  	    G %   $      	  K%  C+ %   O	K ,+"  
 iHc^f][YTWi.Y,hS^fiGRJS.VGJIiGhSJ±^W^fVd]]JSR[V  YRY[DzTWYY[DGJ±TfR[ZHcdY^fY[hSR^WY[DGJ*]JSRJS.VGJIiGhIid{<gdJ  TSZ
§@^f]Y[DGJ±JIiGg¼Y^WJIiGggdJ  TSZG¬Egd^JSR!¶C"hDzTWid{nJ  Y[DrY[DGJ  id/R[ceJSJSg°zTfRR[VdHid{<Y[DGJ±Y[]T4D<h±hDzTW]Tfh­
YJI][R[Y[hSRTW]J¶iG^fYT  YJI]JSg/uZKY[DGJ¶YJShDdiG^  ^f{qZ/hDzTWid{nJq4CEDGJ¶]JUTfR^fi¤@^f]EY[DdRREY[DzTWYE£
c
RY[DGJ*R[ceJSJSg











′ = a/cTWiGg  J±RJSJ*Y[DzTWY®^f],T´dXBJSg  ^nTfgY[DGJ±TfR[ZHcdY^fY[hSRNTW]J!cd]JSRJI][ªnJSg°
¸¨J!{qªnJ±iG^  R^fHKJ*cd]TfhIY[hUT  TWcdc  hUTWY[^fiGRN^W^fV]JSR[V  YR"?

a^fiGRgdJI]Y[DGJ~hUTfRJ<gdJIcdhIYJSg7^fiF9	{qVd]J¤pB  DGJI]J/T  id¨^W8OA¶udYCBWRJShK@JSJSgdRY  ^  idBRv^W







µ¶JIiGhSJ/i³Y[DdRhUTfRJq  J¤DzTSªnJ γ2 = 2pγ1
TWiGg
γ3 = 2(1 − p)γ1
¥^f]JS^UªnJI]£  JgdJIiG^fYJ






0 > x) = P(σ
(3)
0 > x) = F (x/2)
b ¢iczTW][Y[hIV  TW],£
F ∈ R(−α)
  J±DzTSªnJ d(1) = 1 TWiGg d(2) = d(3) = 2α  iY[DGJhUTfRJ p = 1/2   JTW]J±i¦hUTfRJp<TWiGg  J!DzTUªnJ








  JDzTUªnJ γ2 < γ1 < γ3
.TWiGg  JNTW]J,i<hUTfRJ,wBCEDGJ,]JSRJSVGJIiGhIid{gdJ  TSZ
   DzTUªnJ<T¤YTW  TfR[ZHcdY^fY[hSR±^WbY[DGJR:TWHKJ^f]gdJI]vudVdY  Y[DT~hS^fiGRYTWiY C(p) Y[DzTWY!R  TW][{nJI]Y[DzTWi¦irY[DGJ!hUTfRJ
p = 1/2
4 ¢iczTW][Y[hIV  TW]











ueJKHK^f]J~]JUT  R[Y[h<Y^¦H<TWnJ~gB£eJI]JIi.YTfRR[VdHcdY[^fiGR^fi Y[DGJ<YTW  gBR[Y[][udVdY[^fi^WY[DGJ~RJI][ªhSJ
Y[HKJSR/i iG^gdJ7LqjNiGJhUTWi"TfRR[VdHKJY[DzTWY/Y[DdRTfhShSJSRR¤R~iG^fY/ue^fY[Y  JIiGJShi  DdhD"hUTfRJq





 Y[D 0 < u ≤ 1/2 (µ¶JIiGhSJq  JTfRR[VdHKJ*Y[DzTWY
uσ(2)n
d
= (1 − u)σ(3)n .
§ 1n¬









min{c/u, c/(1 − u)} = c/(1 − u) < a
¼ Jq¶£
u < 1 − c/a
Y[DGJIi©Y[DGJRZR[YJIH
 Y[D p = 0 RRY[  R[YTWu  J*TWiGg<Y[DGJI]J¶RbiG^viGJSJSg<®^f](]JSRJS.VGJIiGhIid{ ?  J¶hUTWi¤cdVdYET  Y[DGJ,Y[]T4D<h^fi^fiGJ  id¸¨JTfRR[VdHKJ*irczTW][Y[hIV  TW]Y[DzTWY
1 − c/a < 1/2
G¼ Jq
β := a/c < 2

9z^f]!Y[DGJ¡YTW  gBRY[][udVdY[^fiGRU  JKTfRR[VdHKJY[DzTWY!Y[DGJIZTW]J¡]JI{qV  TW]  ZªfTW][Zid{rTWiGg ]^fH § 1n¬­  J
DzTUªnJ@?
P(σ(2)n > x) ∼ u
−αF (x), P(σ(3)n > x) ∼ (1 − u)
−αF (x).








¼ Jq4Y[DzTWYHidH¹UJSRY[DGJ±hS^JD<hIJIiYNi§®ln¬­¸¨J!DzTUªnJ<§  Y[D β = a/c < 2 ¬
p(u) =





uα/2−1 + (1 − u)α/2−1




















9	{qVd]J1K?(NcdY[H<T » ^nTfgriY[DGJ  id  Y[DR[H<T  hUTWczTfhIYZ/®^f]gB£eJI]JIi.Y,ªqT  VGJSR^W α ? u 7→ γ2(u) =
p(u)c/u
]JIcd]JSRJIiYR*Y[DGJTWHK^fVdiY!^W4Y[]T4D<hvY[DzTWY*R[DG^fV  guJRJIiY¶i  id  Y[D©hUTWczTfhIYZ u i^f]gdJI]Y^^fcdY[H¹UJ±Y[DGJ±]JSRJSVGJIiGhIid{~gdJ  TSZn
¸¨J¡RJSJY[DzTWY  JDzTSªnJ γ2(u) < c < γ3(u)
@^f]
u < 1/2
vµNJIiGhSJ  JDzTUªnJ¡Y^<cdVdY  JSRR¶Y[]T4D<h
^fi¦Y[DGJ  id  Y[D¦HidH<T  hUTWczTfhIYZ¦TWiGgT  Y[Y  J!HK^f]Jv^fiY[DGJ  id  Y[DrH<T?XBH<T  hUTWczTfhIY¢Zn
Ê»Ê ãQzÑ:ÛCRCS
LUw   & @ 
CEDGJ¡]JUTfR^fi  DZY[DdR±TfR[Z.HHKJIY[][h<hDG^fhSJ¡R!^fcdY[H<T  R*Y[DGJ®^  ^  id{ ?*i¨TWiZ©hUTfRJq»TfR  J
   RJSJY[DGJKhUTWVGRJ@^f]vT  TW][{nJ<gdJ  TSZ©R±Y[DzTWYv^fiGJ<RJI][ª.hSJ¡Y[HKJ<i¯Y[DGJiGJIY  ^f][¨R!ªnJI][Zud{
 DGJI]JUTfRT  Y[DGJN^fY[DGJI]RETW]JNh  ^qRJY^±Y[DGJI]HKJUTWiGRU  VdY(£Y[DdRbud{RJI][ª.hSJ,Y[HKJN^hShIVd]R(i~Y[DGJ
 id  Y[DR[H<T  hUTWczTfhIY¢Zn	Y!YTWnJSRvT  ^fid{rY[HKJ¡®^f]!Y[DdR  idY^/cd]^.hSJSRR±YUµNJIiGhSJ  JKRJSJ
Y[DzTWY  JDzTSªnJvY^<hS^fHczTW]JY[DGJ±]J  TWY[ªnJJD<hIJIiGhIZr^Wue^fY[D  idBR®^f],cd]^hSJSRR[id{<ud{~RJI][ªhSJSR
i^f]gdJI]Y^¡{nJIYY[DGJ±^fcdY[H<T  R^  VdY[^fi¸¨J±gdJ­´GiGJ*®^f]








(1 − u)α(a − γ3(p, u))
,
N»^.^fid{KuzTfh/Y^¡Y[DGJ±hS^JD<hIJIiYNi¦`4.VzTWY[^fi §®ln¬­dYRJS.VzT  ir^fVd]HK^gdJ  Y^d
C(p, u) := C2(p, u) + C3(p, u) ≈ max (C2(p, u), C3(p, u)) ,
 DGJI]J4Y[DGJ(TWcdcd]^SXBH<TWY[^fiR{n^.^g  DGJIi p/u → β § ¼ Jq γ2(p, u)) → a
¬^f]
(1−p)/(1−u) → β§ ¼ Jq





p 7→ C2(p, u)
R/iG^fiBgdJShI]JUTfR[id{  DGJI]JUTfRY[DGJ@VdiGhIY[^fi p 7→ C3(p, u)
R¤iG^fiB
iGhI]JUTfRid{G~ ¢Y±DzTfR±Y[DGJ@^  ^  id{¦iYJI][cd]JIYTWY[^fi ?  DGJIi p ≈ 1 − β(1 − u) Y[DGJIiY[DGJ  TW][{nJgdJ  TUZ<RH<TWi  Z~gBVGJ¶Y^iG^gdJ¶p/§@R[iGhSJNY[DGJ*J­eJShIY^W	Tvud{RJI][ª.hSJNY[HKJ¶i/iG^.gdJ*pgd^fHizTWYJSR
C(p, u)
¬­<¸¨JKcdVdYvY^^HvVGhD Y[]T4D<hi Y[DdR  ide<CEDGJ~R[Z.HHKJIY[][h<hUTfRJR
p ≈ βu
  DdhD







( i/ªJ  ^WY[DGJ¶HK^fiG^fY^fidhIYZr^W	Y[DGJSRJN VdiGhIY[^fiGR,TWiGg^W	Y[DGJ¶®TfhIYEY[DzTWYY[DGJ*Y^fYT  hS^qR[Y
RTWcdcd]^UXH<TWYJ  Z Y[DGJ~H<T?XBHvVdH²^W,Y[DGJ¤hS^qR[YRU  J~RJSJ<Y[DzTWYY[DGJ/^fcdY[H<T  czTW]TWHKJIYJI] p∗ RgdJ­´GiGJSg¤u.ZKY[DGJN@^  ^  id{¡JS.VzTWY[^fi C2(p∗, u) = C3(p∗, u)
 YbY[Vd][iGR^fVdYbY[DzTWYY[DdR][V  JN{qªnJSR










1.5 < α < 2.5   !		
#"%$&	'() !	
(+*,$-.$-"+	








1 − ρ2(p, u)
, C̃3(p, u) :=
1/(1 − u)









C̃2(p, u) = C̃3(p, u)
Rh  JUTW]  Z
T{n^.^g¦TWcdcd]^SXBH<TWY[^fi¯^W
p∗




R  JSRR4Y[DzTWiLUx  ®^f]
1.5 < α < 2.5
TWiGgKgdJShI]JUTfRJSR
 DGJIi u → 1/2  DGJIi  JVGRJ,Y[DGJ¶TWcdcd]^UXH<TWY[ªnJ¶][V  J¶hS^fHczTW]J,Y^Y[DGJ,^fcdY[H<T  p(u) gdJ­´GiGJSgi7§¼mq¬­
CEDGJH<TWi iYJI]JSR[Y^W±Y[DGJr][V  JgdJ­´GiGJSg uZ §®on¬KR<Y[DzTWY  JhUTWiTWcdc  ZY  DGJIi ^fi  ZY[DGJ
TUªnJI]TW{nJ  ^nTfg ^WJUTfhD  id©Rv.iG^  i¤¥^f]JS^UªnJI]Y[DdRv][V  JKRv.VdYJizTWY[Vd]T    RRVdHKJY[DzTWY







gdJ  TUZn  J!R[DG^fV  g¤hDG^^qRJ p R[VGhD/Y[DzTWY T2 = T3
 ¢i~ªJ  ^W§ 1n¬­Y[DdRJSVzTWY[^fi/REJ­XGTfhIY  ZKY[DGJ
^fiGJ±{qªnJIiruZ/Y[DGJ*][V  J±gdJ­´GiGJSg¦uZ¯§®on¬








0.1 0.2 0.3 0.4 0.5
parameter u
γ2(u) γ1p(u)/u
9	{qVd]JoK?,NcdY[H<T 	 ^nTfgdRN@^f]NY  ^¤gB£°JI]JIiY¶HK^gdJ  R"?EY[DGJhIVd][ªnJ γ1p(u)/u
{qªnJSR¶Y[DGJ^fcdY[H<T  ^nTfg
^W  id  Y[DhUTWczTfhIYZ u £	iG^gdJKL<§ ]JIcd]JSRJIi.Y[id{¤ Bq gdJ  TUZR:¬R  {qDY#¼YTW  JSg©TWiGgrY[DGJvhIVd][ªnJ γ2(u)hS^f][]JSR[ce^fiGgdRY^¡Y[DGJ±hUTfRJ  DGJI]J!Y[DGJ!iG^gdJKL*RDGJUTSªZ.¼YTW  JSg°
 DGJIi γ2 6= γ3
Y[DGJI]J<RTWi³TfgdgBY[^fizT  YJI][H Y[DzTWYhS^f][]JSR[ce^fiGgdRY^rY[DGJ<hUTfRJ  DGJI]JKY[DGJ<ud{
RJI][ª.hSJ<Y[HKJ<^hShIVd]Rvi iG^.gdJrLqCEDGJIi	Y[DGJI]J<RT]JSRJSVGJIiGhIid{©gdJ  TSZ¯Y[DzTWYRgBVGJ<Y^Y[DGJ
HRH<TWYhDrueJIY  JSJIirY[DGJ¶Y[Dd]^fVd{qDdcdVdYR,^WiG^gdJSRw¡TWiGgrpBCEDdRJ­eJShIY    T?°JShIYEY[DGJ!^fcdY[H<T 
hDG^fhSJv^W
p









n ] = uE[σ
(2)
n ] = (1−u)E[σ
(3)





 § VdcdceJI]v^fiGJ«¬ γ2(u)
Y[DGJK^fcdY[H<T 4 ^nTfg¨^WiG^.gdJKw¤i¨Y[DdR±HK^.gdJ  hS^fHcdVdYJSgY[DzTWidR±Y^
hUTfRJvw¡^WCEDGJS^f]JIH L	
 §  ^  JI]¶^fiGJ«¬ γ1p(u)/u
Y[DGJ±^fcdY[H<T  ^nTfgr^WiG^gdJ±w¡icd]JIª.^fVGR,HK^.gdJ  





L8   & @ 

¸¨J,hUTWiKhS^fiGR[gdJI](^fY[DGJI]4RhSJIizTW][^qRU 9G^f]bJ­XdTWHc  Jq  JEH<TSZ¡iG^fY4hS^fi.Y[]^  Y[DGJEY[]T4D<hiY[DGJ  idBR
i<czTW]T  J  Y[DzTWYb^fVd]b^  i<Y[]T4D<hR4VGR[id{G ¢iY[DGJ,hUTfRJ^W 9	{qVd]J B  J,RJSJEY[DzTWYRJI][ªhSJY[HKJSR
TWYiG^gdJL*]JIcd]JSRJIi.YY[DGJ!  BqgdJ  TUZR,TWiGgrTW]J!hS^fHc  JIYJ  Z/iGgdJIceJIiGgdJIiY¶^WY[DGJ!RJI][ªhSJ*Y[HKJSR
TWYiG^.gdJ~wrTWiGgpB¤ i¨czTW][Y[hIV  TW]UgdJIceJIiGgBid{^fi  DzTWY  J  TWiYY^HK^gdJ  »]JSRV  YR    ueJ
cross traffic
9	{qVd]J K?  RJI]  RcJI]RcJShIY[ªnJ
.VdYJ¶gB£eJI]JIi.YU9G^f]EJ­XdTWHc  Jq£Y[DGJ, Bq"R(ue^fY[Y  JIiGJSheY[DGJIi  J,H<TUZ~TfRR[VdHKJNY[DzTWY d(1) = 1 DGJI]JUTfR d(2) = d(3) = 0 4 i/Y[DdRhUTfRJq  J!RJSJ¶Y[DzTWYYER.VdYJ*Hc^f][YTWi.YY[DzTWY γ2 = γ3
¼ Jq
Y[DzTWY,Y[DGJ  ^nTfgRJS.VzT  Z¤gBRY[][udVdYJSgTWHK^fid{KY[DGJ±gB£°JI]JIiY  idRU
NJIY
Qr
ueJ<Y[DGJ¤]JSRJS.VGJIiGhIid{¨VGJIVGJ/R[¹UJ_#VGR[YT? YJI]¡Y[DGJTW][][ªfT  ^W,czTfhnJIYiVdHuJI]
0
Y^Y[DGJ
]JSRJS.VGJIiGhIid{<.VGJIVGJ  DGJIirY[DGJ±R[ZBR[YJIH REirY[DGJvR[YTWY[^fizTW][Z/]JI{qHKJq
 ¢iY[DGJ!iGJ­XBYRJShIY[^fiGRU  J    R[DG^  Y[DGJ¶@^  ^  id{<Y[DGJS^f]JIH0?
 ÀÄ  À    	
Qr



























α > 0  	K  5P *+ n → ∞ 
  H 
γ1 > max(γ2, γ3)
@5 
γ3 = γ2  	K





γ3 > max(γ1, γ2) := γ1∨2  	K
















a^fHczTW][id{¯ue^fY[DY[DGJS^f]JIHKRR[DG^  RY[DzTWY]JSR[V  YRTW]J¤VdYJ¤R[H  TW]U i czTW][Y[hIV  TW]U4Y[DGJ¤RTWHKJ
]JIH<TW][BRKTfRY[DGJ¤^fiGJSRgd^fiGJT? YJI]¡CEDGJS^f]JIH L¤hUTWi7ueJ¤gd^fiGJ<®^f]Y[DGJ~]JSRJSVGJIiGhIid{¨gdJ  TUZn¯ i7Y[DGJ
DGJUTSªZ.¼YTW  JSghUTfRJqY[DGJ ½ Y¢Z.cdhUT  czTWY[DGR#¾¤Y[DzTWY  JUTfg³Y^¯T  TW][{nJ/]JSRJSVGJIiGhIid{¨gdJ  TUZ7^f]Y^¯T  TW][{nJ
]JSRJS.VGJIiGhIid{ .VGJIVGJrR[¹UJrTW]JY[DGJ¦RTWHKJq¸¨J    gdJSRhI][uJrY[DGJSRJczTWY[DGRKHK^f]J¦cd]JShIRJ  Z³iY[DGJ
iGJ­XBY,RJShIY[^fiTWiGgrirY[DGJ±cd]^^W4^W	Y[DGJvY[DGJS^f]JIHrµ¶^  JIªnJI]U  JvRJSJv^fi 9	{qVd]J<LUx¡Y[DzTWY¶hS^fiGR[gdJI][id{
Y[DGJ¡]JSRJS.VGJIiGhIid{gdJ  TUZ^f]±Y[DGJ¡]JSRJSVGJIiGhIid{¦.VGJIVGJKR[¹UJ¡R!R  {qDY  Z¯gB£eJI]JIi.YUKCEDGJVdcdceJI]±hIVd][ªnJ
]JIcd]JSRJIi.YRY[DGJ*^fcdY[H<T ° ^nTfg<®^f]EY[DGJ¶]JSRJSVGJIiGhIid{KgdJ  TUZ/TWiGg¤Y[DGJ  ^  JI],^fiGJN@^f]EY[DGJ¶]JSRJS.VGJIiGhIid{
.VGJIVGJR[¹UJ/§É®^f]
α = 1.5
¬­N¸¨JRJSJY[DzTWY  JDzTSªnJY^<cdVdY*JIªnJIi  JSRR,Y[]T4D<h¡^fiY[DGJ  id  Y[D¯R[H<T 
hUTWczTfhIYZ£  J  TWiY¡Y^¦^fcdY[H¹UJ~Y[DGJK]JSRJSVGJIiGhIid{©VGJIVGJ  JIid{qY[Da^fiGR[gdJI][id{Y[DGJ<hUTfRJ  DGJIi
p = p(u)
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L"1   & @ 
 ¢i~Y[DGJ,´G]R[YhUTfRJq.Y[DGJ¶Y^fYT  i.VdHvueJI]^W»czTfhnJIYRi¤Y[DGJNiGJIY  ^f][TWYY[HKJ T0
Rbh  JUTW]  Z/TWi¤VdcdceJI]
ue^fVdiGgv®^f]
Qr













Y^fYT  iVdHvueJI]^WczTfhnJIYREi~Y[DGJ,iGJIY  ^f][/^W 9	{qVd]J 8§@^f]bi¤Y[DGJ,@^f][.¢TWiGg_#^fi¤HK^gdJ  £  J¶gd^viG^fY
hS^fVdiYY[DGJKh  ^fiGJSRTWYviG^.gdJ<wTWiGg pn¬­< ¢i¨hUTfRJrLq  JKDzTUªnJ Qr ≤ Qt
R[iGhSJ<TWi.Z©czTfhnJIYvY[DzTWYvR±i








  DGJI]J Z RY[DGJKY[HKJ¤R[ceJIiYvi Y[DGJ  DG^  J~iGJIY  ^f][¨uZczTfhnJIY 0 TWiGg N RY[DGJ<hS^fVdi.Y[id{cd]^hSJSRR,TfRR^hIºTWYJSg  Y[DrY[DGJvTW][][ªqT  Y[HKJSR {Tn}

µ¶JIiGhSJ  J±DzTSªnJ
Qr ≤ max (Qt, N(Z)) := U.
¸¨JvTW]J±TWu  J±Y^KgdJI][ªnJ!Y[DGJ!YTW  TfR[ZHcdY^fY[hSR,^W
U
TfRE®^  ^  R«9	]R[YiG^fYJ!Y[DzTWY  J!DzTSªnJ
P (U > x) ≤ P(Qt > x) + P(N(Z) > x).
CEDzTWidBR,Y^<Y[DGJgBR[Y[][udVdY[^fizT  N°Y[Y  J  R  T  /L"143  JvDzTSªnJ Qt d= N(Z)
igBR[Y[][udVdY[^fiNµNJIiGhSJ  J
DzTSªnJ
P(Qt > x) ∼ P(N(Z) > x).
¸¨J*TW]JNTWu  JNY^vgdJI][ªnJNY[DGJYTW  TfR[ZHcdY^fY[hSRb^WY[DdR  TWY[YJI].VzTWiY[Y¢ZKY[DzTWidBRbY^CEDGJS^f]JIH·L¶TWiGg
Y^¡Y[DGJ!]JSR[V  YR,^W /L3»^f]*/L83 ?







$ KO HK , ,+
n → ∞ 
P(Qt > n) ∼ P(N(Z) > n) ∼ P(Z > na),
 K
a = E[T1 − T0]

\]^^W#¸¨J  TWiY,Y^KTWcdc  Z/CEDGJS^f]JIH·pBL!^W /L83 ¶^fYJ*Y[DzTWYuZgdJ­´GidY[^fi¦^W]JI{qV  TW]ªqTW][ºTWY[^fiF/Úm 3
 J±DzTSªnJ
g(x) = − log F
s
(x)
= α log(x) − log L(x),


















CEDdREcd]^fce^qR[Y[^firT  ^  REVGRY^¡gdJ­´GiGJ!TvY¢Z.cdhUT  JIªnJIi.Yi~Y[DGJ*RTWHKJ*R[cd][YTfRi /áp43CEDdRJIªnJIi.Y






P(Ax) ∼ P(Qt > x)
TWiGg





x) = o(P(Qt > x))
TWiGg








   ueJ*H<TfgdJ±h  JUTW]iY[DGJ!iGJ­XBYRJShIY[^fibNiGhSJ  JvgdJ­´GiGJSgrY[DdRJIªnJIiYU  J!DzTUªnJ
P(Qr > x) = P(Qr > x, Tx) + P(Qr > x, T
c
x)
≤ P(Qr > x, Tx)
+P(max(Qt, N(Z)) > x, T
c
x)
≤ P(Qr > x,Ax)
+P(Qt > x,A
c












CEDGJS^f]JIH Lqµ¶JIiGhSJ  J!DzTSªnJ
P(Qr > x) = P(Qr > x, Tx) + o(F
s
(x)).







 ¢iY[DdRRJShIY[^fi  J*´G]R[Y,gdJI][ªnJ!Y[DGJ*Y¢Z.cdhUT  JIªnJIiY Ax









  DGJI]J a > b s*JIiG^fYJ!u.Z F Y[DGJ!gBR[Y[][udVdY[^fi¦ VdiGhIY[^fir^W σ TWiGgrTfRR[VdHKJY[DzTWY
F











































≤ εk+1, ∀x ≤ k < n
}
.














4À      	
Q
% 	 :+	L@	  @%!, 	 )& @	   	K 	

GI/GI/1/∞
 	   	
Kn,x%:  ,+%@ , %
ηn = 3εn  & 	




$ K  ,+ x → ∞ 






LUo   & @ 
\]^^W# >.Hc  JhUT  hIV  TWY[^fiGR,VGRid{Y[DGJ*®TfhIYY[DzTWY
F

























¶^fYJ©Y[DzTWYr\]^fce^qR[Y[^fi3L©RrT  R^³ªqT  g®^f]¦T
GI/GI/1
VGJIVGJ§@RJSJ /L8@3 ¬­NDGJIiGhSJ  J¨DzTSªnJ




CED.VGRU£  J¤RDG^  Y[DzTWYY[DGJ¤RJSVGJIiGhSJSR {Kn,y}
TWiGg
{ηn}

































−n,−n + 1, . . . , 0
^fi  Z§@^f]/i^fY[DGJI]  ^f]gdRUNY[DGJRZR[YJIH












Q[−n,0] ≥ n − `
µNJIiGhSJ  JDzTSªnJ









  JKDzTUªnJ σ−n + (b −
εn)Q[−n,0] ≤ n(a + εn)
  DdhDrHc  JSR














  J¦DzTSªnJ Sn > xb
TWiGg
S∗n−1 =
maxx≤j≤n−1 Sj ≤ max0≤j≤n−1 j(b − a + 2εx) ≤ 0
%TWiGgY[DGJJIªnJIiYR
{S∗n−1 ≤ 0} ∩ {Sn > x}
TW]J
h  JUTW]  ZgBR@_[^fiYU
¸¨J¤iG^  J­XBYJIiGg7cd]JIª.^fVGR  JIHH<TY^^fVd]HK^f]J¤{nJIiGJI]T  @]TWHKJ  ^f][e¯¸¨J/R[Y[  gdJIiG^fYJ Sτn =
∑n
1 τ−i



































































 T  ^W  TW][{nJ!i.VdHvueJI]U  J!DzTSªnJR[Y[  §#LqL«¬­
¸¨J±gdJ­´GiGJ









   Ä4Ä É Ä   	
Qt
%	K+	L@	  @%! 	L@	L&4(
%  K	+  	K 	  C !   O+  	  @ #$	  	
ηn
% :G+" % G	 %	L  ,+
n
	 %+	L  	 !  % Kn,y 	K5+ ,   G , 	+*  E%    	 
A(j)n,y = Kn,y ∩ {ζ
(j)











:$ K  + x → ∞ 
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]^^W# N^fYJ!Y[DzTWY  Y[DrY[DGJ±RTWHKJvTW][{qVdHKJIi.Y*TfRirY[DGJ!cd]^^W^WNJIHH<TrLqGY[DGJ±JIªnJIiYR {A(j)n,x} TW]JgBR@_[^fiY®^f]
x































µ¶JIiGhSJ!Y[DzTWidR,Y^KCEDGJS^f]JIH Lq  J±DzTUªnJ
P(Qt > x) ∼ P(Ax)
bC»^Kcd]^«ªnJ±Y[DGJ!cd]^fce^qR[Y[^fi  J±DzTUªnJ
^fi  ZY^/cd]^UªnJ¡Y[DzTWY










































@]^fH Y[DGJvRZR[YJIH hS^fiGR[Y[Y[VdYJSg^WiG^gdJSRNw~TWiGg08  Y[DG^fVdYNYTW.id{~iY^/TfhShS^fVdiY¶Y[DGJ±iG^gdJp§ ¼ Jqb£
RJI][ªhSJ¡Y[HKJSRvTW]*iV  i¯iG^gdJpn¬­¡µNJIiGhSJ
kn
R!h  JUTW]  Z¯TWi¯VdcdcJI]!ue^fVdiGg¯^fi¯Y[DGJ¡]JUT  iVdHuJI]v^W






 J*DzTUªnJ ζ(2)−n + (max{γ2, γ4} − εn)kn ≤ n(a + εn)
9G^f]NR[Hc  hIYZ  J±^fHYiG^  Y[DGJ*YJI][HKR εn
^f]
ηn
RiGhSJ!Y[DGJIZ¤gd^KiG^fYc  TSZrTWiZ/]^  Jq¸¨J!DzTUªnJ
Qt ≥ n − kn ≥ n −
na − xγ[≥2] − n(a − γ[≥2])
γ[≥2]
= x.
CEDGJ!cd]^^W	R,R[H  TW]Y^R[DG^  Y[DzTWY A(j)n,xγ[≥j] ⊂ {Qt > x}
®^f]






wqx   & @ 
Lq


















P(Kn,x ∩ Jn,x) ≥ P(Kn,x) + P(Jn,x − 1,
DGJIiGhSJ  JEDzTSªnJ supn≥x P(Kn,x∩Jn,x) → 1
TfR
x → ∞
	CEDGJIiKY[DGJ@^  ^  id{±]JSR[V  Y®^  ^  R(gB]JShIY  Z
@]^fH Y[DGJ!cd]^.^W^W\]^fc^qRY[^fiwK?
  Ä  Ä % % d Á  $ K+P& 	<   	K,+C 	    P&',+5 K  * %&' :	   , 	+
Kn,x
%! 	K  , 	
K̃n,x = Kn,x ∩ Jn,x

¸¨J¡iG^  gdJ­´GiGJY[DGJ¡YZcdhUT  JIªnJIi.Y!@^f] N(Z) ¡ ¢Y!gB]JShIY  Z®^  ^  R! ]^fHY[DGJ¡Y¢Z.cdhUT  JIªnJIi.Y!®^f]Y[DGJ!]TWiGgd^fH ªqTW][ºTWu  J
Z
{qªnJIiri / 8@3d\]^fceJI][YZrw^ficzTW{nJoqlB
   Ä4Ä É Ä  	
ηn
% <+ * % <	   P	L  +
n











 $ K  ,+ x → ∞ 
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 ¢YE®^  ^  R,gB]JShIY  Z¤@]^fH \]^fceJI][YZrw¡^W/ 8@3Y[DzTWY







Bx ⊂ {Z > ax}










1 {k(a−εk)≤ax} ≥ x − CNx.
µ¶JIiGhSJ  J!DzTUªnJ
P(N(Z) > x,Bcx) ≤ P(N(Z) ∈ (x − CNx, x))
= P(N(Z) > x − CNx) − P(N(Z) > x)




¸¨J±RVdHH<TW][¹UJ!Y[DGJ!]JSR[V  YR^WY[DdR,RJShIY[^fiirY[DGJ*®^  ^  id{<hS^f]^  TW][Zn




supn≥x P(Jn,x) → 1
,+


















K̃n,x = Kn,x ∩ Jn,x
 K
Kn,x
 +H	   , 	    !    $   	 ηn %:+ * %  	 %	L  +
n
	 %,+5	L)    	 !  %
Ã(j)n,y = K̃n,y ∩ {ζ
(j)











:$ K  + x → ∞ 



















Ax ∪ Bx ⊂ Tx
GTWiGgY[DGJIiY[DGJ±hS^f]^  TW][Z¤®^  ^  R ]^fH cd]JIª^fVGRcd]^fce^qR[Y[^fiGRU
     v%E%  
P(Qr > x, Tx)
 ¢iY[DdR!RJShIY[^fi  J    RJSJDG^  Y^¤hDG^qRJY[DGJ¡JIªnJIiYR Jn,x
^WEa^f]^  TW][Z¯w<i©^f]gdJI]*Y^¤H<TWnJY[DGJ

























i = 2, 3
s*J­´GiGJ
N 2− := max
{










N2+ = min {j ≥ 1, rj = 2}





























¶^fYJ!Y[DzTWY^fi  Z^fiGJ!R[VdH REiG^fiB¼i.V  ziczTW][Y[hIV  TW]U  J!DzTUªnJ!Y[DGJ*®^  ^  id{~gdJShS^fHce^qR[Y[^fi¦^W
Y[DGJvJIªnJIi.Y
{Qr1{r0=2} > x} = {Σ > x, r0 = 2} ∪ {∆ > x, r0 = 2}
µNJIiGhSJ  JvRJSJvY[DzTWY,i¦^f]gdJI]











j = 1, 2, 3
TWiGg
i = 2, 3
r¸¨J    hS^fHcdVdYJ¤JUTfhD³^WY[DGJSRJKYJI][HKRRJIczTW]TWYJ  Znr ¢YvRvc^qRRu  J
R[iGhSJ!£  JvgdJ­´GiGJ¡TWi¦JIªnJIiY Jn,x
R:TWY[R# Zid{Y[DGJvhS^fiGgBY[^fiGR¶^Wba^f]^  TW][ZwBdY[DGJIiY[DGJ±iYJI]RJShIY[^fi
^WY[DGJSRJ±JIªnJIiYR«    R[Y[  RTWY[R[ Z~Y[DGJSRJ±hS^fiGgBY[^fiGRU
Ê»Ê ãQzÑ:ÛCRCS
wqw   & @ 
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−n − n(a + εn) + n(γ2 − εn)
≥ xγ2.










{Σ2 > x} ⊂ {N 2− 6= −∞} ⊂ {D
3
0 ≥ xγ2}.
9d]^fH Y[DdR«  J!DzTUªnJ!Y[DGJ*®^  ^  id{~VdcdcJI]ue^fVdiGg
P(Σ2 > x, r0 = 2, A
(2)
n,xγ2)
≤ P(D30 ≥ xγ2)P(ζ
(2)






P(Σ2 > x, r0 = 2, A
(2)
n,xγ2)
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 HK ,:,+



























 Y[D N3− = max{k, D2−k > D30}

























































≤ εk, Nx ≤ k ≤ n
}








¬­(NiGhSJ  J±hDG^qRJ*Y[DGJ±RJS.VGJIiGhSJ ε   JvgdJ­´GiGJY[DGJ*@VdiGhIY[^fi
zx := xεbxc
9G^f]






























TWiGg  J!DzTSªnJ±h  JUTW]  Z¤®^f] k ≤ n 











  J!DzTUªnJ*@^f]¶T  k ≤ n 
D2−k ≥ −na + ζ
(2)
−n + (n − k)γ2 − C(nεn + zx)
D2−k ≤ −na + ζ
(2)
−n + (n − k)γ2 + C(nεn + zx).
¸¨J    YTWnJ!Y[DGJ!@^  ^  id{~hS^fiªnJIidJIi.Y¶hS^fi.ªnJIiY[^fi@^f]RVdHH<TW][¹Sid{<Y[DGJSRJ*iGJS.VzT  Y[JSR
D2−k ≈ −na + ζ
(2)
−n + (n − k)γ2 ∓ C(nεn + zx).
Ê»Ê ãQzÑ:ÛCRCS
w,8   & @ 
µ¶JIiGhSJ±^fiY[DGJ±JIªnJIiY
K̃n,xγ2 ∩ {r0 = 3, D
3
0 ≤ zx}
  J!DzTSªnJR[iGhSJ D2−n−1 ≤ zx
















−n + n(γ2 − a)
γ2
)
∓ C(nεn + zx)
µ¶JIiGhSJ  J±DzTSªnJ





−n + n(γ2 − a)
γ2
)








xεn ≤ xεNx ≤ Czx
  J
gdJI][ªnJ*@]^fH cd]JIª^fVGRJSVzTWY[^fi
Σ3 > x ⇒
{





1−p + n(a − γ2) − C(nεn + zx)
Σ3 > x ⇐
{



















−n > γ2x + n(a − γ2)
§#L«mq¬
¸¨J!DzTUªnJ
P(Σ3 > x, Ã(2)n,γ2x, r0 = 3)
= P(Σ3 > x, Ã(2)n,γ2x, r0 = 3, D
3
0 ≤ zx)











hUTWiuJ!RDG^  i¦Y^¡ueJ o(F s(x)) TfRiY[DGJ!cd]^^W^W	cd]JIª^fVGR  JIHH<TB(µ¶JIiGhSJ  J!DzTSªnJ
∑
n>x




P(Σ3 > x, Ã(2)n,γ2x, r0 = 3, D
3
0 ≤ zx) + o(F
s
(x))















 DGJI]J!Y[DGJ  TfRYiGJSVzT  Y¢Z~®^  ^  R ]^fH §#L«mq¬TWiGg/Y[DGJ*¼TfhIYY[DzTWY F s R]JI{qV  TW]  Z¤ªqTW][Zid{G9	izT  Z  J!{nJIY
∑
n>x

















































∓ C(nεn + zx),
D3k ≈ ka ∓ C(kεk + zx),
N2+ ≤ zx.




−n − na + nγ2
a
∓ C(nεn + zx).
µ¶JIiGhSJq  J!DzTUªnJ
∆2 ≈ (1 − p)
ζ
(2)
−n − na + nγ2
a
∓ C(nεn + zx).
CEDGJ±JIiGgr^WY[DGJ*cd]^^W®^  ^  RNJ­XdTfhIY  Z¤Y[DGJ±R[YJIcGR^WY[DGJ!ce^.^W^W N»JIHH<T<pK?
∑
n≥Nx
































{N3++ 6= −∞} ⊂ {D
3
0 ≥ xγ2},TWiGgY[DGJ!JIiGgr^WY[DGJvTW][{qVdHKJIi.Y,RhS^fHc  JIYJ  ZrR[H  TW]U

Ê»Ê ãQzÑ:ÛCRCS
w@1   & @ 
      
j = 1
      À nd À


























R:TWY[R# Zid{Y[DGJhS^fiGgBY[^fiGRv^W,a^f]^  TW][Z¨wTWiGg
R[VGhDrY[DzTWY®^f]
n > Nx




D3−k ≈ −na + ζ
(1)
−n + (n − k)γ1 ∓ C(nεn + zx),
D20 ≈ −na + ζ
(1)
−n + nγ1 ∓ C(nεn + zx).





¬­  VdY  JDzTSªnJ Σ2 ≤ N2− ≤ Cnεn
%DGJIiGhSJ







































∆2hUTWirueJ!gd^fiGJ*®^  ^  id{KY[DGJ±R:TWHKJ!.iGg^W4TW][{qVdHKJIiYU

      À nd À
γ3 > max(γ1, γ2) = γ1∨2























^W(a^f]^  TW][ZwKR[VGhDY[DzTWYU  J±DzTUªnJ±^firY[DGJ!JIªnJIiY Jn,x

D3−n−1 ≤ zx
D3−k ≈ −na + ζ
(1)





−n + nγ1∨2, 0
)













−n − n(a − γ3)
γ3
)










−n − n(a − γ3)
γ3
)
∓ C(nεn + zx).
¸ Y[DY[DGJ±RTWHKJvTW][{qVdHKJIi.Y¶TfR,TWue^UªnJq  J!DzTSªnJ
∑
n>x





















































−n − na + nγ3
)+





−n − na + (n + k)γ3, ka
)
∓ C(nεn + zx),
N3+ ≤ zx.

















































wqo   & @ 
@]^fH  DdhD¦Y[DGJ±]JSR[V  YE@^  ^  RU
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CEDGJ±cd]^.^W^W	Y[DGJSRJ!]JSR[V  YRRªnJI][Z/R[H  TW]Y^KY[DGJ*cd]^.^W4^WNJIHH<TG1TWiGgR^fHY[YJSg°

  ,	0  z
¸¨JTWizT  Z.¹UJSg©Y[DGJHczTfhIY±^W(DGJUTUª.Z.¼YTW  JSg¯gdJ  TSZBR!^fi¯gB£eJI]JIi.Y±czTWY[DGR¶®^f]NY[DGJ]JSRJS.VGJIiGhIid{rgdJ  TSZ
TWiGgrY[DGJv]JSRJS.VGJIiGhIid{~.VGJIVGJvR[¹UJq¸¨J±hS^fHcdVdYJY[DGJvJ­XGTfhIY¶TfR[ZHcdY^fY[hSR®^f]¶TKR[Hc  J±HK^gdJ  ^W(w
.VGJIVGJSR*iczTW]T  J  CEDGJSRJTfRZ.HcdY^fY[hSR±TW]J¡gd^fHizTWYJSg©uZY[DGJDGJUTSªJSR[Y*YTW  gBRY[][udVdY[^fi¨^W(Y[DGJ
gdJ  TSZBR±TWHK^fid{Y[DGJw<.VGJIVGJSRU!¸¨JR[Y[VGgBJSg©i©gdJIYTW  R±gB£°JI]JIiY!R[Y^hDzTfR[Y[hKTfRRVdHcdY[^fiGR±TWiGg{TUªnJ
Y[DGJhS^f][]JSR[ce^fiGgBid{r][V  J­^W ¼Y[DVdHvu Y[DzTWY!HidH¹UJSR±Y[DGJ¡]JSRJS.VGJIiGhIid{¦gdJ  TUZ^f]±.VGJIVGJR[¹UJr§ iTWi
TfR[ZHcdY^fY[hNRJIiGRJ«¬­>.Vd][cd][R[id{  Zn  J,@^fVdiGg<Y[DzTWYbY[DGJNªqT  VGJSRb^WY[DGJ¶^fcdY[H<T % ^nTfg¼uzT  TWiGhIid{R(iG^fY
Y[DGJRTWHKJEgdJIceJIiGgBid{±^fiY[DGJ.VzTWiY[Y¢Z¡Y^¶^fcdY[H¹UJq¥^f]JS^UªnJI]UihSJI][YTWiKhUTfRJSRUqY[DGJ][V  J­^W ¼Y[DVdHvu
TW{q]JSJSR  Y[D7T¤izTWY[Vd]T  ][V  J  DGJIi^fi  ZY[DGJ<TSªnJI]TW{nJ  ^nTfg¨^WJUTfhD  idR!iG^  i7TWiGg¨T M/M/1HK^gdJ  RVGRJSg°
 RKT´GizT  ]JIH<TW][e  J¦R[DG^fV  gR[Y[]JSRR¡Y[DzTWY<^fVd]]JSRV  YRKhUTWiuJJ­XBYJIiGgdJSgY^¯^fY[DGJI]iGJIY  ^f][
Y^fce^  ^f{qJSRU4CEDGJ*@]TWHKJ  ^f][^W/ 8@3TWiGg /LUw43»hS^UªnJI]RNY[DGJ!h  TfRR^WR[Y^hDzTfR[Y[hvJIªnJIiY,{q]TWcdDGR«




iG^.gdJSRirczTW]T  J   Y[D K > 2 

Y[DGJ~^fY[DGJI]±R±Y^r]JIc  TfhSJ<JUTfhD iG^.gdJKi¨czTW]T  J  u.ZT/HK^f]JKhS^fHc  J­X¨iGJIY  ^f][¨ueJ  ^fid{qid{¦Y^
Y[DGJvh  TfRR^WY[DGJ±R[Y^hDzTfR[Y[h!JIªnJIi.Y,{q]TWcdDGRU
 ¢i!u^fY[DvhUTfRJSRU  J4RJSJY[DzTWY»Y[DGJVdcdcJI]»u^fVdiGg±gdJI][ªnJSgvi >JShIY[^fi8,RR[Y[  ªqT  g°»¥^f]JS^UªnJI]	CEDGJS^f]JIH
L!TfRR[YTWYJSg/i /LUw43hS^UªnJI]R,Y[DGJSRJ*hUTfRJSRUµ¶JIiGhSJ  J!hUTWi¦TWcdc  Z~J­XGTfhIY  Z¤Y[DGJ¶R:TWHKJ*HKJIY[DG^.gd^  ^f{qZTWiGg
 J    {nJIYY[DGJ!J­XGTfhIYNTfR[ZHcdY^fY[hSR,^WY[DGJ±]JSRJSVGJIiGhIid{¤VGJIVGJ!R¹UJq
CEDGJSRJ¡J­XBYJIiGR[^fiGR¶Y^/^fY[DGJI]  ^nTfg¼uzT  TWiGhSJSg©]^fVdY[id{/iGJIY  ^f][BR±hUTWi©DGJ  cVGRNY^¤VdiGgdJI]R[YTWiGgY[DGJ
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Rε = max{X
(4) − X(2)ε , X
(4) − X(3)} ≤ R.
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P(Rε > x) =
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